cugall azol

KUWAIT UNIVERSITY

Kuwait University
College of Engineering and Petroleum %

ME417 CONTROL OF MECHANICAL SYSTEMS
PART I: INTRODUCTION TO FEEDBACK CONTROL

LECTURE 3: LAPLACE TRANSFER FUNCTION

Summer 2020
Ali AlSaibie




Lecture Plan

* Objectives:
» Review The Laplace Transform
» Review The Inverse Laplace Transform and Partial Fraction Expansion
* Introduce Transfer Functions of Mechanical Systems
* Reading:
» Mise: 2.7-2.3, 2.5.-2.6
* Practice Problermns
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The Laplace Transform Function

* The Laplace Transform is defined as

LIFW]=F(s)=| f(t)e™sdt
O_
Wheres =0 + jw

* The Inverse Laplace Transform is defined as

1 0+ joo
CUFE)] =5 | F(s)estds = FOu(®
g—joo

Where u(t) is the unit step function:

u(t) =1 t>0 _
u(t) =0 t<0
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Laplace Transform Table — Table 2.1

Item no. f(t) F(s)
1. 5(t) 1
2. u(t) 1
S
3. tu(t) l
o7
4, t?u(t) 1
s+ 1
5. e~ *u(t) 1
S+a
w
6. sinwt u(t
® 57+ w? %g
7. coswt u(t) > %
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Laplace Transform Theorems — Table 2.2

Theorem
1. LIf(®)] = F(s) = Ooof(t)e‘“dt Definition
2. LIkf(t)] = kF(s) Linearity Theorem
3. LIf,(t) + f,(t)] = F1(s) + F,(s) Linearity Theorem
4, Lle7*f(t)] = F(s+ a) Frequency Shift Theorem
5. LIft—=T)] = e STF(s) Time Shift Theorem
6. LIf(at)] = %F (2) Scaling Theorem
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Laplace Transform Theorems — Table 2.2

Theorem Name
df . L
7. L —|= sF(s) — £(0.) Differentiation Theorem
d*f . L
8. L 7| = s?F(s) —sf'"(0_) — f'(0_) Differentiation Theorem
d"f .
o. L [W = s"F(s) — Z sk fk=100_) Differentiation Theorem
t k=1
t
10. L[ f(r)dr] — @ Integration Theorem
. S
11. f(0) = ll—% sF(s) Final Value Theorem
12. f(O+) = lim sF(s) Initial Value Theorem o
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Partial Fraction Expansion — Inverse Laplace Transform

* To find the inverse Laplace of a complicated function, we can convert to a sum
of multiple terms, using partial fraction expansion

N(s)  aps™+an_1s"" "+ +ag

F(s) = D(s) - bps™ + by_1s™ 1 + -+ by
~ N(s) Ky Kn-1 Ky
Fs) = (s + pn)(S + pn—l) L (s+ p1) B (s + pn) " (s + pn—l) o (s +p1)

Kn—1

“A[F(s)] = £ |7 ]+L‘1[( ]+ s

S+ Pn-1) [(s + pl)] _
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PFE — Case 1: D(s) Has real and distinct Roots

_N(s) _ 2 Ky | Ky
F(S) - D(s) - (s+1)(s+2) s+1  s+2

To find K;, we multiply the above equation by (s + 1)

2 (s + 1K,
(s+2)_K1+ (s +2)

Letting s = —1, eliminates the right term and gives K; = 2.
Repeat the process to get K, = —2

ME 417 Summer 2020 Part I: Introduction to Feedback Control — L3



PFE — Case 2: D(s) Has real and repeated roots

N(S) . 2 _ Kl + Kz + K3
D(s) (s+1)(s+2)? s+1  (s+2)2  s+2

F(s) =

To get K;, multiply by (s + 1) and set s = —1.
To get K,, multiply by (s + 2)? and set s = —2

Ki

(s+1)

= (s + 2)? + K, + (s + 2)K;

2
(s+1)

To get K3, first differentiate the above and set s = —2

-2 (s+ 2)s
(s+1)2 (s+1)2

K, + K
Gives K3 — —2
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PFE — Case 3: D(s) Has complex or imaginary roots

N(S) . 3 _Kl K25+K3
D(s)  s(s242s+5) s  S2+25+5

F(s) =

K;is found by multiplying by s, setting s = 0, giving K; = %

To find K5, K5, multiply by the least common denominator s(s? + 2s + 5), and

simplify
3\ 6
3= KZ +=15° + K3 +-=]s+3
5 5
3 6 : 3 6
SO|Ve fOI’(KZ + E) — O, (K3 —+ E) — O’ g|VeS KZ — _E and K3 — _E |

55  5(s%242s5+5)
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The Transfer Function

* When modeling a dynamic system, we get a differential equation.
* For linear time-invariant, single-input single-output systems:

d™c(t) d™ 1c(t) b™r(t) d™ 1c(t)
At + dn—l g1 + .o+ doC(t) = bm qrm + m—1 qgm—1

+ -+ byr(t)
Where r(t) is the input and c(t) is the output

» Taking the Laplace transfer of both sides
a,s"C(s) + a,_1s™1C(s) + -+ ayC(s) + initial condition terms involving c(t) =
b STR(S) + byy_1s™ IR(s) + -+ + byR(s) + initial condition terms involving r(t)
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The Transfer Function

* Assuming zero initial conditions gives

C(s) _
R(s)

_ (bmSm + bm_lsm_l + + bo)
B (a,s™+ a,_;s" 1+ -+ agy)

G(s)

 The transfer function is thus defined as:

The algebraic relationship between the output to the input of a linear, time-
invariant, single-input single-output system, in the Laplace domain
assuming zero initial conditions.

R(s)

> G(S) C(S) > ‘
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Test Waveforms

TABLE 1.1 Test waveforms used in control systems

Input Function Description Sketch Use
Impulse 5(1) 8(t) = cofor0— <t < 0+ fin) Transicnt response
) 4 Modeling
= 0 elsewhere €
0+
/ S(t)dr =1 A 8(1)
Jo-
N E——
Step u(r) u(t) =ltfort >0 fin) Transient response
: 4 Steady-state error
= 0fort <0 ’

Ramp tu(r) tu(t) =ttort =0 fin Steady-state error
A
= Delsewhere
L ,
Parabola 1, | | N Jin) Steady-state error
— = — - — = J
2.' u(t) 2: u(r) 2: fort >0 N
= Oelsewhere ’
— t
Sinusoid  sin awf fin Transient response

Modeling
Steady-state error
1
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Given the following differential equation, find the time response equation to Example 1

a step input
d?c

dc dr
F+1ZE+36C_E+3r
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Find the transfer function corresponding to the following differential equation, then Example )
perform a partial fraction expansion and retrieve the time response to a unit step input.

dzc+6dc+18 =3

dtz = dt C=T
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Find the ramp response for a system whose transfer function is Example 3
s+1

68) = 5132
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Using the Laplace transform pairs of Table 2.1 and the Laplace transform theorems of '
Table 2.2, derive the Laplace transforms for the following time functions: [Section: 2.2] Practice Problem 1
a e “sinwtu(t)

e Uciswt u(t)

¢ t3u(t)
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Find the expression for the transfer function of the systems given by the following Practice Problem 2
differential equations

Sy o dy  ody o Px L d
dt3+5dt2+7dt+y + 2

dx
_dt3 dt2+35+7x
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Find the time function corresponding to the following Laplace transforms. :

Hint: You can verify your partFaI fraction expansion ugingpMATLAB's residue() Practice Problem
function.

1

2 G(s) = s(s+2)?

b oo -

c. G(s)= (2522;11))2

d. G(s)= s?2(s+11)(s+12)
e G(s) = 5(5-11-2)2
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